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Theorem: Let f(x) € F[z] where F is a field, and let o € F. Then the remainder r(z) when f(x) is divided
by z — ais f(«).

Proof: When we use long division to divide # — o into the polynomial a,z™ + a,_12" "' + ... 4+ a1z + ao,
the first term in the quotient is a,,2"~!. When this term is multiplied by a and subtracted from a,,_;z" !,
we're left with (a,_1 +a)z™ !, so that the next term in the quotient is (a,,_1 +a)x™~2. We multiply this by

a and subtract the result from the next term in the numerator, leaving us with (a,_o + aa,_1 + o?)z" 2.

Thus, every time we multiply a term in the quotient by « and subtract from the next term in the numerator,
we multiply the previous remainder by « and then add a constant a, term. This whole expression is, of
course, multiplied by some z*, but the exponent in that term is decreasing, so it eventually reaches z° = 1.
At that point, we will just have multiplied a; 4+ asa + asa® + ...+ a,a™ ' by a and added an ag, leaving
us with ag + a1 + asa® + ... + a,_10" ! + a,a™, which is f(a).



